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Abstract
Let X be a bounded subset of the real line and let Y be a metric space. In the function space
C(X,Y ), we give an intrinsic characterization of the functions f for which the neighborhood system
in the Hausdorff topology coincides with the neighborhood system in the uniform convergence
topology. Ó 2001 Elsevier Science B.V. All rights reserved.
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Real convergence
Let (X,dX) and (Y, dY ) be metric spaces and consider the product space X × Y ,
equipped with the box metric ρ = dX × dY . If we identify every function f from X to Y
with its graphG(f ), we have that the space C(X,Y ) consisting of all continuous functions
from X to Y may be regarded as a space of closed subsets of X× Y .
One of the most extensively studied metrics on C(X,Y ) is the Hausdorff metric ρ˜
defined as follows:
ρ˜(f, g)= inf{ε > 0: f ⊆ gε, g ⊆ fε}, ∀f,g ∈C(X,Y ),
where fε = {z ∈ X × Y : ρ(z,f ) < ε}. The Hausdorff metric is used in approximation
problems and it induces a topology which is coarser than the uniform convergence topology
(obviously, if dY (f (x), g(x)) < ε for every x , then ρ˜(f, g)6 ε). On the other hand, if f is
uniformly continuous then every neighborhood of f in the uniform convergence topology
is also a neighborhood of f in the Hausdorff topology (argue as in [2, Theorem 4.7]). We
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say that f is nearly uniformly continuous if f is a continuous function which satisfies
the previous condition. A function may be nearly uniformly continuous without being
uniformly continuous [1, Example 1].
If f ∈C(X,Y ), we denote by H(f, ε) and U(f, ε) the ε-balls about f in the Hausdorff
topology and in the uniform convergence topology, respectively.
The purpose of this note is providing a characterization of nearly uniformly continuous
functions in the case where X is a bounded subset of R and Y is an arbitrary metric space.
The main Theorem 4 requires some preliminaries. In the next proofs, we denote the
metric on the space Y simply by d .
Proposition 1. Let X be an interval of the real line. Then every nearly uniformly
continuous function from X to Y is uniformly continuous.
Proof. By way of contradiction, suppose that f is not uniformly continuous. Then there
exists a real number ε > 0 such that for every integer n > 1 there exist two points
an, bn ∈ X such that |an − bn| < 1/n and d(f (an), f (bn)) > ε. Suppose that an < bn.
Let ϕn :X→X be the piecewise linear function so defined:
ϕn(x)=

x + bn − an if x 6 an,
−x + an + bn if an 6 x 6 bn,
x + an − bn if x > bn.
If we put gn = f ◦ϕn, it is not difficult to prove that the sequence of continuous functions
gn converges to f in the Hausdorff topology (argue as in the proof of [1, Th. 5]). On the
other hand, d(f (an), gn(an)) > ε, so that the sequence gn does not converge uniformly
to f . 2
Corollary 2. Let f ∈ C(X,Y ) be a nearly uniformly continuous function. Then its
restriction to any connected component of X is uniformly continuous.
Proof. Let J be a connected component of X. If f |J is not uniformly continuous, we can
construct a sequence of functions gn defined on J as in Proposition 1. If we extend gn
by putting gn(x)= f (x) for every x /∈ J then the sequence gn converges to f only in the
Hausdorff topology. 2
Proposition 3. Let X be a subset of the real line with a finite number of connected
components. A function f ∈ C(X,Y ) is nearly uniformly continuous if and only if the
restriction of f to every interval contained in X is uniformly continuous.
Proof. The necessity is provided by Corollary 2.
For the sake of simplicity, we prove the sufficiency assuming that X is the union of two
disjoint connected components I and J with sup I 6 infJ .
Assume that sup I < infJ . Then f is uniformly continuous and no verification is
needed. Otherwise, let p = sup I = infJ (in this case, both components are not singletons).
We may assume that f (p−) 6= f (p+) (otherwise f would be still uniformly continuous).
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Put v = f (p−), w = f (p+) and suppose that v 6= w. We shall prove that, for every
ε < 16d(v,w), there exists δ > 0 such that H(f, δ) ⊆ U(f,2ε). Choose δ < ε such that
d(f (x), v) < ε for every x ∈]p − 2δ,p[, and d(f (x),w) < ε for every x ∈]p,p + 2δ[;
we require furthermore that d(f (x1), f (x2)) < ε for every x1, x2 belonging to the same
component of X, with |x2 − x1|< δ.
Let g ∈ H(f, δ). This implies that g ⊆ fδ . Thus, for every (x, g(x)), there exists an
associated point (z, f (z)) such that:
|x − z|< δ, d(g(x), f (z))< δ < ε.
We will suppose x > p (the case x < p is symmetric).
If z > p then d(f (x), f (z)) < ε and thus d(g(x), f (x)) < 2ε (in this case, if x belongs
to ]p,p+ 2δ[ then d(g(x),w) < 3ε).
The proof is complete if we prove that z cannot be less than p. By way of contradiction,
suppose z < p for some z. Then z ∈]p − δ,p[ and consequently d(f (z), v) < ε, so that
d(g(x), v) < 2ε (note that x ∈]p,p+ δ[).
If we take (x ′, g(x ′)), with x ′ ∈ ]p + δ,p + 2δ[, then the associated point (z′, f (z′))
must satisfy z′ > p. Hence d(g(x ′), f (x ′)) < 2ε, and thus d(g(x ′),w) < 3ε. Therefore
we obtain a contradiction because the image of the interval ]p,p + 2δ[ by the continuous
function g is disconnected by the balls of radius 3ε centered in v and w, respectively. 2
For every subset X of R, we denote by E(X) the set of accumulation points of the
boundary of X.
Theorem 4. Let X be a bounded subset of R and let Y be a metric space. A function
f ∈C(X,Y ) is nearly uniformly continuous if and only if the following two conditions are
fulfilled:
(1) the restriction of f to every connected component of X is uniformly continuous;
(2) for every p ∈E(X), the function f has finite limit at p.
Proof. (Sufficiency) We shall prove that, for every ε > 0, there exists δ > 0 such that
H(f, δ) ⊆ U(f,2ε). By using the compactness of E = E(X) and the existence of the
limits of f , it is straightforward to prove that there exists σ > 0 such that diam(f ([p−2σ,
p+ 2σ ])) < ε for every p ∈E.
Let F = ⋃p∈E[p − σ,p + σ ] and put G = X\F . It is easy to prove that distinct
components of G are contained in distinct components of X. As a consequence, since
G is far from E, we have that G consists of a finite number of connected components.
Let J be one of such components. Let us prove the following claim:
there exists γJ > 0 such that, if a function g belongs to H(f,γJ ) in C(X,Y )
then d(f (x), g(x)) < 2ε for every x ∈ J .
Let a and b be the endpoints of J (if J is a singleton then a and b coincide).
• Suppose that the function f is uniformly continuous on Jη =]a − η,b + η[∩X for
some η > 0. Choose γ < η ∧ ε such that, for every x1 and x2 belonging to Jη, the
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condition |x1 − x2| < γ ensures that d(f (x1), f (x2)) < ε. If the point (z, f (z)) is
distant less than γ from (x, g(x)), with x ∈ J , then z ∈ Jη. Thus d(f (z), f (x)) < ε
and so d(g(x), f (x)) < 2ε for every x ∈ J .
• Otherwise, at least one endpoint of J is also an endpoint of a component of X disjoint
with J . The conclusion follows with a proof similar to the one in Proposition 3.
Now, choose δ smaller than σ , ε and every γJ . Let g ∈ H(f, δ). If x ∈ G we have
d(f (x), g(x)) < 2ε. If x /∈G, there exists a point p ∈ E such that x ∈ [p − σ,p + σ ]. If
(z, f (z)) is distant less than δ from (x, g(x)) then z ∈ [p − 2σ,p + 2σ ]. Consequently,
d(f (z), f (x) < ε and thus d(f (x), g(x) < 2ε.
(Necessity) Condition (1) follows from Corollary 2.
By way of contradiction, suppose that condition (2) is not fulfilled. Then there exist
p ∈ E and a number ε > 0 and two sequences of points an and bn convergent to p such
that d(f (an), f (bn)) > ε. For every x ∈X, denote by J (x) the connected component of x
in X.
• Suppose that there exists a number δ > 0 such that the diameter of f (J (an)) or of
f (J (bn)), is greater than δ for infinitely many indices n. If we construct a function gn
as in the proof of Corollary 2 for each of these indices, we obtain a contradiction.
• Otherwise, it is not restrictive to assume that J (an) is disjoint from J (bn) for all
indices n and that the diameter of f (J (an)) and of f (J (bn)) converges to zero.
For every n, let gn be the function so defined:
gn(x)=

f (x) if x ∈X\(J (an)∪ J (bn)),
f (an) if x ∈ J (bn),
f (bn) if x ∈ J (bn).
It is straightforward to check that the sequence gn converges to f in the Hausdorff
topology while it does not converge uniformly. 2
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